Introduction and Statement of Results

R
amanujan proved that the partition function p(n) satisfies the congruences p͑5n ϩ 4͒ ϵ 0 ͑mod 5͒, p͑7n ϩ 5͒ ϵ 0 ͑mod 7͒, p͑11n ϩ 6͒ ϵ 0 ͑mod 11͒.
Although these congruences are not difficult to prove, the generic theory (1-3) of partition congruences is quite complicated and depends critically on the interplay between deeper structures in the theory of modular forms. Congruences such as p͑48037937n ϩ 1122838͒ ϵ 0 ͑mod 17͒ depend on the Deligne-Serre theory of ᐉ-adic Galois representations and Shimura's theory of half-integral weight modular forms. Shimura's theory is built around lifts that map half-integral weight cusp forms to integer weight cusp forms.
We describe another lift, one which maps cuspidal Poincaré series to harmonic weak Maass forms. Using these maps, we obtain an arithmetic formula exhibiting p(n) as the ''trace'' of singular moduli of a Maass form arising from a Calabi-Yau threefold.
First we describe these lifts. Suppose that 2 Ͻ k ʦ 1 2 ‫ޚ‬ and that N is a positive integer (with 4͉N if k ʦ Let Maass* 2Ϫk (⌫ 0 (N)) be the subspace of those f(z) ʦ Maass 2Ϫk (⌫ 0 (N), 0) for which 2Ϫk (f(z)) ʦ S k (⌫ 0 (N)), the weight k elliptic cusp forms on ⌫ 0 (N). It turns out that ker( 2Ϫk ) ϭ Weak 2Ϫk (⌫ 0 (N)).
For every positive integer m, let H(m, k, N; z) ʦ S k (⌫ 0 (N)) be the classical holomorphic Poincaré series (see Section 3.2). These forms generate S k (⌫ 0 (N)). Similarly, for every positive integer m we construct (see Section 3.3) Maass-Poincaré series F͑m, 2 Ϫ k, N; z͒ ʦ Maass* 2Ϫk ͑⌫ 0 ͑N͒͒.
Using these series, we let
This defines the lifting of cuspidal Poincaré series in S k (⌫ 0 (N)) to Maass* 2Ϫk (⌫ 0 (N)) which is dual to the differential operator 2Ϫk . Now we turn to the motivating problem of providing an arithmetic formula for p(n). To this end, let g C (z) ʦ S 4 (⌫ 0 (6)) be the eta-product
where q :ϭ e 2iz and where (z) is Dedekind's eta-function. This form corresponds [see Mortenson's thesis (6) and Verrill's paper (7)] to the Calabi-Yau threefold
For odd primes p, this implies that
ͪ͑L4, 6 ͑g C ͑z͒͒͒.
[1.3]
Because the lifting maps are defined on Poincaré series, C(z) is not well defined as given above. Later in the paper we resolve this issue by describing g C (z) in terms of the first Poincaré series in S 4 (⌫ 0 (6)).
Remark: In terms of symmetric-square L-functions, 1.3 implies Remark: This phenomenon, where coefficients of half-integral weight forms are ''traces'' of singular moduli was observed by Zagier (8) . Recent papers by the authors (9) and Bruinier and Funke (10) give generalizations.
In Section 2 we recall facts about weak Maass forms. In Section 3 we construct the Poincaré series H(m, k, N; z) and F(m, 2 Ϫ k, N; z), and we compute their Fourier expansions. In Sections 4 and 5 we prove Theorems 1.1 and 1.2. In Section 6 we explain how Theorem 1.1 is related to Ramanujan's mock theta functions.
Weak Maass Forms
We recall the notion of a weak Maass form of weight k ʦ 1 2 ‫.ޚ‬ If z ϭ x ϩ iy ʦ ‫ވ‬ with x, y ʦ ‫,ޒ‬ then the weight k hyperbolic Laplacian is given by
If N is a positive integer (with 4͉N if k ʦ 
‫.ޚگޚ‬
Here ( 
Poincaré Series
To prove Theorem 1.1, we rely on explicit Fourier expansions (one could also argue directly with the defining series). Throughout, we rely on classical special functions whose properties and definitions may be found in ref. 13 . We give them since they are useful in applications (for example, see ref. 14). In Section 3.1 we first recall the classical construction of Poincaré series (see refs. [15] [16] [17] . In Sections 3.2 and 3.3 we give explicit Fourier expansions in terms of classical special functions (see ref. 13 for more on these special functions). 
‫.)ޚگޚ‬ For
where d is defined by 2.2 and where ͌ z is the principal branch of the holomorphic square root as before. As usual, for A ʦ ⌫ 0 (N) and functions f:‫ވ‬ 3 ‫,ރ‬ we let
Let m be an integer, and let m : ‫ޒ‬ ϩ 3 ‫ރ‬ be a function which satisfies m (y) ϭ O(y ␣ ), as y 3 0, for some ␣ ʦ ‫.ޒ‬ If e(␣) :ϭ e 2i␣ as usual, then
is fixed by the group of translations ⌫ ϱ :ϭ ͭϮͩ 
‫.ޚگޚ‬ 
3.3. Maass-Poincaré Series F(m, 2 ؊ k, N; z). Although the series F(m, 2 Ϫ k, N; z) are less well known, they have appeared in earlier works (9, 15, 16, 18, 19) . To define them, again suppose that 2 Ͻ k ʦ ( 
The operator 2Ϫk is antilinear, and it has the property that 2Ϫk (f) ϭ 0 for holomorphic functions f. We also have the identity
These facts imply that
By the definition of L k,N , Theorem 1.1 (2) follows from the identity
To prove Theorem 1.1 (1) , it suffices to compare the Fourier expansion of ͪF͑1, Ϫ2, 6; z͒.
For this we need the Fourier expansion of P(z) that was computed by Niebur (5) . Correcting some typographical errors in his paper, we find that 
